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We demonstrate experimentally how semiconductor lasers subjected to double optical feedback
change the statistics of their chaotic spiking dynamics from Gaussian to long-tail Power Law dis-
tributions associated to the emergency of bursting. These chaotic regimes, which are features of
excitable complex systems, are quantified by the tail exponent α and appear by changing the ratio
between the feedback times. Transitions to bursting occur in the neighbourhood of low order Farey
fractions. The physics behind these transitions is related to the variation of threshold pump current
in the compound system as obtained from a deterministic set of rate equations. Numerical integra-
tion also verifies the observed chaos transitions indicating the possibility of controlling the bursting
chaotic statistics.
I. INTRODUCTION
Within optics, the non-linear dynamics of lasers has
been studied for a long time, both for fundamental [1]
and applied physics [2] interests. Measuring a laser out-
put power is a well developed procedure to determine the
amplitude squared of the dynamical variable which is the
emitted electric field. Furthermore, the ease of chang-
ing parameters in the laboratory permits the observation
of large dynamical diversity. Another advantage of dy-
namical studies in lasers arrangements is the existence
of model equations to compare and predict experimental
results. So, beyond their interest for themselves they of-
fer examples for analogies in the understanding of others
complex systems. Among relevant examples are the dy-
namical systems with time delayed feedback in biology,
as described by Mackey-Glass equations [3].
Excitability, which is an important concept in the
study of complex transitory states like in neurons [4–
7], was also addressed in laser dynamics [8–15]. Delayed
optical feedback has proved to induce excitable [8, 16]
and chaotic behavior [17, 18] on semiconductor lasers.
It is well known that these lasers with optical feedback
generate chaos which, after an averaging process due to
detector bandwidth, manifests with irregular sharp drops
in its intensity, usually called low frequency fluctuation
(LFF) [19]. The statistical properties of these LFF pulses
have been extensively investigated [20–23].
Two simultaneous different feedbacks are simple
schemes to get bursting of power drops with statistics
on-demand as we will show. Indeed, the addition of a sec-
ond time delay feedback on a laser was already proposed
and studied, using two external optical cavities [24–27].
High dimensional chaotic dynamic was attained experi-
mentally using such configuration [28]. With this scheme
and varying the lengths of the cavities and the inten-
sity of the feedbacks, chaos suppression was also achieved
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[29]. Regions with stable emission and periodical behav-
ior were observed [29], demonstrating the system high
sensitivity to double feedback. More than two feedbacks
has also been addressed in the literature [30] aiming at
laser stabilization.
Our experiments reported here were done in a semi-
conductor laser, chaotic by the effect of double optical
feedback. Measured laser intensity time series are the
essential data in our work. The statistical characteriza-
tion of the chaotic dynamics is done extracting the inter-
spike times represented in histograms and obtaining the
so-called tail index α, for alpha-stable distributions. It
is shown how parameter tuning in the system makes the
inter spike time go from chaotic with Gaussian statis-
tics to chaos with heavy tail Le´vy distributions among
pulse bursting. To corroborate the experiments we also
solved numerically the rate equations for a mono-mode
semiconductor laser including more than one feedback
time. We not only verify semi-quantitative experimental
aspects of our results but we get evidence that determin-
istic non-linear equations with multiple feedback times
can account for the production of bursting spike dynam-
ics followed by switching between chaotic, periodic, and
stable states.
II. EXPERIMENTAL SETUP
Our experimental data was obtained in the form of long
time series for the fluctuating laser intensity obtained us-
ing the setup shown in Fig. 1. The experiments were
done with commercial single mode diode lasers stabilized
to 0.01 K, emitting in the infra-red wavelength and with
solitary threshold current Jth around 20 mA giving out-
put power of few mW. Two specific units were SDL 5401
GaAlAs at 800nm - Jth = 26 mA and Thorlabs L850P010
at 850nm - Jth = 10 mA. As indicated in Fig. 1 the beam
splitter BS1 allows the laser output intensity to be mea-
sured by a 2.0 GHz bandwidth photodiode PD and the
data series collected with a Tektronix DPO 7104, 1 GHz
oscilloscope. The two external cavities are created by
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2the 50/50 beam splitter BS2 and two mirrors M1 and
M2. The fixed mirror M1 create the first external cavity
with a constant laser light pathway L1 = 8.02 m corre-
sponding to a fixed feedback time delay, τ1 =53.5 ns, due
to light round trip time. The second external cavity, cre-
ated by the variable position mirror M2, has a variable
light pathway L2, giving the second time delay, τ2, which
is scanned during the experiments.
FIG. 1. Experimental setup. The laser output light is colli-
mated by an aspheric lens l1 and the data signal is measured
by a 2.0 GHz bandwidth photodiode PD using a beam split-
ter BS1. The feedbacks are provided by two external cavities
created by the beam splitter BS2 and the mirrors M1 (fixed
position L1) and M2 (variable position L2). The lenses l2
and l3 are used to get optimum mode matching alignment
condition in the two external arms.
Experimental cavity alignment conditions were main-
tained using an aspheric collimating lens l1 for beam di-
vergence reduction. Operation current was kept constant
close to the solitary laser threshold, but up to 3% current
threshold reduction due to feedback could be achieved in
both arms. Optimum alignment condition in the two ex-
ternal arms was imposed by inserting AR coated lenses
l2 and l3 in front of each feedback mirror, in order to get
mode matching. Consequently, maximum output inten-
sity for lengths below 0.90 m and with one single feed-
back, remains in stationary conditions (without spikes).
In this configuration, semiconductor laser with optical
feedback exhibits physical properties of excitable systems
when noise or any perturbation is applied [8]. The best
alignment was maintained during the variation of L2 for
lengths over 0.90 m.
III. THEORETICAL MODEL
The dynamics of a semiconductor laser under feed-
back operation is well described by the so called Lang-
Kobayashi equations [31]. This model has been previ-
ously used in order to include additional delayed term
[24, 26, 28, 29]. Here, we use the deterministic form of
these equations for a system composed by two external
cavities which provides a double feedback:
dE(t)
dt
=
[
GN − γp
2
]
E(t) +
2∑
i=1
κiE(t− τi) cos Θi (1)
dΦ(t)
dt
=
α [GN − γp]
2
−
2∑
i=1
κi
E(t− τi)
E(t)
sin Θi (2)
dN(t)
dt
= J − N(t)
τs
−GN |E(t)|2. (3)
To be noticed is the absence of stochastic terms in the
equations. Thus all random type dynamics results from
the deterministic nonlinear nature of the model which
reproduce the main dynamics of these kind of systems
even to obtain chaotic behavior. Implementation of a
fourth order Runge-Kutta routine with an integration
step of δt = 10−13 s were done in C++. This value
for δt was shown to be small enough for the equa-
tions integrations during tests varying its value. In
the equations i = 1, 2 is the number of external cav-
ities and GN = G0 [N(t)−N0] /
[
1 + |E(t)|2] is the
medium gain. The optical frequency when the laser is
solitary (with no feedback) is represented by ω0 and
Θi = ω0τi + φ(t) − φ(t − τi) is the field phase excur-
sion after one external cavity round trip. The dynam-
ical variables are the slow (with respect to the optical
period) envelope for the electric field, having E(t) as adi-
mensional amplitude, Φ(t) as the associated phase and
N(t) the carrier density. The parameter in the equa-
tions are: τp = 1/γp and τs = 1/γs corresponding to
photon and carrier lifetime, respectively; G0 the small
signal gain coefficient, N0 representing the carrier den-
sity at the transparency of the medium, J is the injected
pump current (Jth represents threshold current),  the
saturation coefficient, κi the feedback coefficients, τi the
feedback delay times and α the line width enhancement
factor (not to be confused with the statistical index α).
The parameters values used were τs = 2.0 ns, τp = 3.55
ps,  = 5 × 10−7, G0 = 3.2 × 103 s−1, N0 = 1.5 × 108,
κ1 = κ2 = 11× 109 s−1 and α = 3.0.
IV. STATISTICS OF LONG-TAIL
ALPHA-STABLE LE´VY DISTRIBUTION
Observation of very different statistical distributions in
our system naturally lead us to examine the well known
alpha-stable type of distribution which present a good
formalism to characterize shapes of distributions with re-
spect to their location, scale, distortion and tail [32, 33].
The experimental and numerical-theoretical data in our
work were assumed to have stable distribution.
A general stable probability distribution, also known
as Le´vy alpha-stable, stable Paretian or α-stable distri-
bution, is defined by the invariance property of a sum be-
tween two independent random variables with the index
of stable distribution equal to α having as the result an
3α-distribution with the same index. Often, the probabil-
ity density function (PDF) f(x) for a stable distribution
does not have a general formula and some times it is not
even analytical. The description of those distributions
is better done by the characteristic function φ(t). The
PDF, when it exists, is given by the Fourier transform of
φ(t) which for stable distributions can be written as:
φ(t) = exp(itδ − |γt|α(1− iβsgn(t)Φ)) (4)
where i is the imaginary number, sgn(t) is the signal of
t and Φ = − 2pi log |t| if α = 1, whereas Φ = tan
(
piα
2
)
if
α 6= 1. The stable parameter α is, for our data analy-
sis, the most important among the four that characterize
these distributions. It is also known as the tail index,
index of stability or the characteristic exponent. Stable
distributions have 0 < α ≤ 2 and it reveals the concentra-
tion of the distribution and its tail character. The upper
limit, α = 2, correspond to the Gaussian case while long
tail distributions have α < 2. Cauchy or Lorentz distri-
butions have α = 1. Variance is undefined for α < 2 and
mean does not exist for α ≤ 1. The others three parame-
ters that caracterize an α-stable distribution are related
to the location δ ∈ [−∞,+∞], to the scale γ ∈ [0,∞] and
to the skewness β ∈ [−1,+1]. For the Gaussian case, i.e.,
α = 2 and β = 0 due to the symmetry of this distribu-
tion, f(x) can be obtained as it follows:
f(x) = 12pi
∫∞
−∞ e
−itxφ(t)dt = 1√
2γ
√
2pi
e
− (x−δ)2
2(
√
2γ)2 . (5)
A comparison with the well known PDF formula for
Gaussian distribution allows us to relate its mean µ and
variance σ to the location and scale parameters δ = µ
and γ = σ/
√
2, respectively. Once we had histograms of
probability distributions for time interval between inten-
sity spikes, we estimated α directly from this data using
the software developed by Nolan [34]. It calculates the
four parameters for stable-like distribution with an algo-
rithm is based on the quantile fit process of McCulloch
[33]. In our data, the occurrence of spike-bursting causes
the deviation of α from the Gaussian condition to the
long-tail distributions with α much close to 1 than 2.
V. EXPERIMENTAL AND THEORETICAL
RESULTS
A. Chaos with Single Feedback
Chaotic spiking power drops in semiconductor laser
with single feedback has been extensively studied [2]. We
present its statistical properties here for the sake of com-
parison with the case of double feedback to be discussed
later on. A typical segment of an experimental series
with a single feedback is shown in Fig. 2(a). Power drops
with a gaussian distribution is revealed in the correspond-
ing histogram of Fig. 2(b). Corresponding numerical-
theoretical calculations are given in the time series seg-
ment of Fig. 2(c). The related histogram, in Fig. 2(d),
also looks like a Gaussian probability distribution as in
the experimental result.
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FIG. 2. Single Feedback time series and chaos statistics. (a)
Experimental segment of intensity time series for a single (L1
blocked) feedback configuration with L2 = 8.02 m. (b) His-
togram of the inter-spikes times of the time series presented
in (a), showing an almost Gaussian shape with the long tail
index α = 1.8. (c),(d) Numerical counterpart of (a) and (b),
respectively. Calculations used the parameters showed in the
methods section and produced long tail index α = 2.0. Both
histograms are composed by approximately 104 events. (e)
Experimental average of inter-spike times 〈T 〉 as function of
the ratio length R = L2/L1 in a single feedback configuration
maintaining L1 blocked and scanning L2 from 0.90 m to 8.02
m. (f) Numerical calculation equivalent to (e). The x-axis
is normalized to 8.02m which is the value for the fixed arm
L1. In (e) and (f) the standard deviation σT is represented by
vertical bars. The colours (online) blue and red represent the
experimental and the numerical calculations, respectively.
From the histograms with more than 104 drop events,
we calculate the tail index α that represents the tail de-
cay of the distributions [33]. To remind, pure Gaussian
distributions have α = 2 while the long tail Lorentz dis-
tribution has α = 1. The experimental probability dis-
tribution of Fig. 2(b) presents a tail index α = 1.8, which
is close to the Gaussian value. Numerical-theoretical re-
sults from Fig. 2(d) for the histogram present a tail index
α = 2.0. The similarity between the experiments and
the theory is therefore verified in the statistics of spikes.
Scanning the L2 cavity length with a single feedback over
the range from 0.90 m to 8.02 m gave us a large collec-
4tion of time series from which we extracted the average
〈T 〉 and standard deviation σT of the inter-spike time as
functions of the feedback time. Smooth, nearly constant,
dependence for 〈T 〉 was obtained collecting 120 equally
separated runs moving L2 from approximately 0.90 m to
8.02 m while L1 was kept constant and equal to 8.02 m
during the entire scan as shown in Fig. 2(e). The nu-
merical solution of the rate equations resulted with the
same behavior and is given in Fig. 2(f). The points in
these graphics represent the mean time between consecu-
tive LFF drops for time series of intensity with more than
104 events each. The vertical bars represent the standard
deviation. In both experimental and numerical data the
α index was always near 1.9, confirming Gaussian shape
for the histograms, independent of feedback time in the
studied range. Small feedback times (L2 < 0.50 m) are
known to make the system depart from LFF dynamics
[35]. The parameters of the equations were taken to pro-
duce the observed quantitative coincidence with the ex-
perimental values and are shown in the methods section.
These results for a single feedback dynamics were taken
for comparison with the striking new results from the
double feedback case, to be presented next.
B. Chaos with Double Feedback
The inclusion of the second feedback in the laser
changes drastically its dynamics as compared to what
was reported experimental and theoretically for one de-
lay. For the double feedback experiments the fixed length
arm L1, with feedback time τ1, is unblocked and give the
same (as good as possible) amount of field return estab-
lished for the variable arm L2. Repeating the 120 experi-
mental steps for the values of τ2, like was done in the one
feedback case presented in Fig. 2(e), completely different
scenarios are found. This is shown in Fig. 3(a) which
gives the measured dependence of the average time 〈T 〉
as function of the feedback lengths ratio R. The length
increments ∆L2 correspond to ≈ 6 cm. The theoretical
counterpart, calculated with steps of 1.5 cm, is shown in
Fig. 3(b). One clearly see the sensitivity of 〈T 〉 on this
parameter. When R is close to rational numbers with
small denominators, the low frequency fluctuation drops
of intensity become less frequent due to the appearance of
long intervals without drops. As a consequence, the mean
time between drops 〈T 〉 increases and the data variance
diverges. Notice that in both, experimental and numeri-
cal, the effect observed occurs with external cavity length
steps ≈ ×104 optical wavelengths. Farey sequences, de-
fined as the set of rational numbers written as the ratio
p/q of two natural numbers, are known to manifest in fre-
quency locking or entrainment between oscillators. These
physical phenomena deal mostly with periodic, quasiperi-
odic motions and the onset of chaos [36]. In our results
the Farey hierarchy plays a critical role in changing chaos
statistics. Bunching of spikes appear around the small
denominator ratio, also called low order Farey numbers,
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FIG. 3. Double Feedback time series and chaos statistics. (a)
Experimental average of inter-spike times 〈T 〉 dependance on
R = L2/L1 maintaining L1 = 8.02 m constant and scanning
L2 from 0.90 m to 8.02 m. (b) Numerical calculation equiva-
lent to (a) with the y-axis is normalized to the time series du-
ration. (c) Experimental segment of intensity time series for a
double feedback configuration with R = 0.498 and L1 = 8.02
m. (d) The histogram of the inter-spikes times corresponding
to (c), showing a long-tail shape with the tail index α = 1.1.
(e), (f) Numerical calculation equivalent to (c) and (d) respec-
tively for R = 0.4946 and using the parameters showed in the
methods section. The theoretical tail index obtained is also
α = 1.1. Both histograms are composed by approximately
104 events. The colours (online) blue and red represent the
experimental and the numerical calculations, respectively.
in a very sensitive way with respect to the ratio R. Those
transitions from statistic behavior with Gaussian shape
to spiking burst long-tail distributions are characterized
by peaks of 〈T 〉 near Farey fractions during the scan of
R. The most significant peak in value of 〈T 〉 happen
around R = 1/2. Outside those Farey ratios we have LFF
chaos with 〈T 〉 and σT quite insensitive to the changes in
R. This indicates Gaussian profiles for the inter-spikes
time histogram. As R increase towards 1/2 (similar to
what happens near 1/1 and higher order Farey ratios)
〈T 〉 and the respective variance increase drastically indi-
cating transitions to bursting regime of spikes. Crossing
the value R = 1/2 these statistics parameters decrease
again returning to the Gaussian chaos. As will be shown
latter on, details of those transitions, including station-
ary regime and chaos without LFF drops, also occur for
5values of R very close to these special ratios. Figure
3(c) presents an interval of the experimental time series
in the case of spiking burst behavior for a length ratio
R = L2/L1 ≈ 0.498, i. e., near 1/2. The correspond-
ing histogram of the 104 inter-spike times is shown in
Fig. 3(d). Unlike the Gaussian distribution presented in
the single feedback, and also in the double feedback case
with R far from low order Farey numbers (1/2, 1/3, 2/3,
1/1, etc), in this case a heavy tail distribution is observed.
For this experimental data the calculated long tail index
is α = 1.1, confirming the presence of an expressive long
tail in the probability distribution P (T ) due to the long
time interval between bunches of spikes. Figs. 3(e) and
3(f) present the numerical calculation for R = 0.4946
showing the same non-Gaussian distribution and spiking
burst behavior as in the experimental results. The as-
sociated histogram, also composed by approximately 104
intervals, also has a long tail index α = 1.1.
Definitively the model equations fit the transitions of
chaos statistics observed. Better quantitative comparison
would ask for further exploration of the equations param-
eters. In contrast to the double feedback results, experi-
ments and calculations with single feedback (with our se-
lected parameters) never show spiking bursts throughout
the whole range of variation of L2 as indirectly indicated
in Figs. 2(e) and 2(f). It is important to reinforce that,
different from other previously published works which in-
clude stochastic terms in the models, our equations are
fully deterministic and so the theoretical results depend
only on the system parameters.
VI. DISCUSSION
A. Stationary Solutions and Bifurcations
The stationary solutions (Es, Ns, ωs) for the Eqs. (1)-
(3) are obtained setting dE(t)dt = 0,
dΦ(t)
dt = (ωs − ω0),
dN(t)
dt = 0 and using the condition E(t) = E(t − τ1) =
E(t − τ2) = Es. While ω0, the solitary laser frequency,
is always constant, ωs, the frequency of the compound
system including the two cavities, vary in time and will
be constant for the stationary state. In general, multiple
constant values for ωs result from the steady state condi-
tion. In each solution, the dynamical variable Φ(t) reads
Φ(t) = (ωs − ω0)t. A simplification of the equations is
possible setting the gain saturation coefficient equal to
zero ( = 0) as the general features of the system are still
preserved. Equations (1)-(3), for the stationary solution,
then became:
ωs − ω0 = −κ1[α cos (ωsτ1) + sin (ωsτ1)]
−κ2[α cos (ωsτ2) + sin (ωsτ2)] (6)
Ns = N0 +
γp
G0
− 2
G0
[κ1 cos(ωsτ1) + κ2 cos(ωsτ2)] (7)
Es =
J −Ns/τs
γp − 2[κ1 cos(ωsτ1) + κ2 cos(ωsτ2)] . (8)
Equation (6) is transcendental and has no analytical so-
lution. Therefore, numerical procedure is necessary to
obtain ωs for a given set of parameters. All values ob-
tained for ωs are then introduced in Eqs. (7) and (8) pro-
ducing the steady state values of Ns and Es. The graph-
ical inspection of the ωs solutions can be done defining
F (ωs) and G(ωs) as the left-hand and right-hand sides
of Eq. (6), respectively.
For the single feedback case, i.e. L1 blocked (numeri-
cally we set κ1 = 0), the stationary solutions are shown
in Figs. 4(a) and 4(b) for moderate feedback strength
(κ2 = 1.0 × 109 s−1) and for R = 1 which means L2 is
equal to the length of the fixed arm L1. For this case,
the graphical solution of Eq. (6) is presented in Fig. 4(a)
where F (ωs) (dashed black line) and G(ωs) (red line) are
showed in terms of ωs (multiplied by the roundtrip time
of the fixed external cavity τ1, here blocked). The cross-
ing points means that F (ωs) = G(ωs). It gives the fre-
quencies solutions ωs of Eq. (6). The complete stationary
solutions (Es, Ns, ωs) are obtained using the Eqs. (7) and
(8). These solutions can be represented in a projection of
the phase space (∆ωτ1,∆N) as it is shown in Fig. 4(b),
where ∆ω = ωs − ω0 and ∆N = Ns − Nth,sol. They
appear over an ellipse [37] which analytical equation can
be obtained by manipulating Eqs. (6) and (7). Here, the
steady solutions were obtained numerically. The term
Nth,sol = N0 − γp/G0 is the threshold value for N when
the laser is being operated in the solitary mode (with no
feedback).
The appearance of the solutions, by changing parame-
ters like the feedback strength or the time delay, hap-
pen through a saddle-node bifurcation of cycles when
F (ωs) touch G(ωs). The result of this crossing process
is the creation of two new values for ωs in each bifurca-
tion. These solutions are classified as limit cycles, one
stable mode (lower points in the ellipse) and the equiv-
alent unstable antimode (upper points in the ellipse).
The comb of stable resonant frequencies ωs provided by
the compound cavity are called external cavities modes
(ECMs). The center of the ellipse represents the soli-
tary laser mode when the laser has no external feedback
(κ1 = κ2 = 0). The mode with the largest gain, is called
Maximum Gain Mode (MGM). In Fig. 4(b) it is rep-
resented by a red square. It is the lower point of the
ellipse in the (∆ω, ∆N) phase space projection represen-
tation. This mode should operate with the lower value
of N and the higher value of E (and consequently higher
intensity |E|2). It is the mode with the lowest pump cur-
rent threshold Jth,MGM . The stability of this mode in
numerical calculations is highly sensitive with respect to
the lasers parameters [15, 38].
When no mode on the ellipse can stabilizes the laser,
the LFF regime in which the emitted intensity of the
laser |E|2 presents irregular spike drops is observed
[8, 15, 16, 20–22, 37–39]. A well accepted theoreti-
cal explanation of this chaotic behaviour was given by
Sano [37]. Accordingly, the ECMs are destabilized and
6became quasi-attractors causing mode hopping between
them through wave mixing process. According to Sano,
the trajectory of the system in the phase space projection
surrounds the quasi-attractors (fixed points represented
in the ellipses) in a local chaos transient stepping to the
next ECM with lower frequency (to the left in the el-
lipse). The mode hopping repeat until the system reach
the neighborhood of the MGM. The system remains sur-
rounding the MGM until the trajectory crosses the sta-
ble manifold of the saddle anti-mode being repulsed from
it and making the system experiment a frequency shift
backing near to the solitary frequency operation. In
this process the variable N increases approaching to its
threshold value Nth and the intensity |E|2 drops in a
very short time scale. This entire process repeat in an
irregular way characterizing the chaotic LFF regime.
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FIG. 4. Stationary solutions. (a) Single feedback: The cross-
ing of F (ωs) (dashed black line) with G(ωs) (red line) for
moderate feedback strength (κ1 = 1.0×109 s−1, κ2 = 0) show-
ing tens of crossing points creating pairs of stable-unstable
fixed points (solutions ωs). (b) Representation of the solu-
tions ωs from (a) in the (∆ωτ1, ∆N) plane. The ellipse that
supports the fixed points is clearly visible. The lower point in
the ellipse, represented by a red point (online), is called the
Maximum Gain Mode (MGM). It is the mode with the lower
threshold of operation. (c) Double feedback: The same of (a)
but with the two external cavities sending light back to the
laser with equal strength (κ1 = κ2 = κ = 0.5 × 109 s−1). (d)
For double feedback, those solutions occur over three ellipses
due to the beating effect showed in (c). It changes the form
of the attractor skeleton when represented in the phase space
projection (∆ωτ1, ∆N).
For the double feedback configuration, the right-hand
side G(ωs) of Eq. (6) has two contributions giving a beat-
ing effect due to the difference ∆τ = τ1 − τ2. This is
shown in Fig. 4(c) for R = 0.95 and κ = 0.5 × 109 s−1.
In the calculations we used κ1 = κ2 = κ, which means
that both arms of optical feedback are sending light back
to the gain medium with the same strength. Experi-
mentally, to provide that, equal laser threshold reduc-
tion due to each optical feedback alone was monitored
and adjusted through mirrors alignment. It is important
to notice that this pattern is not a result of optical fre-
quency interferometry, once ∆τ is very large if compared
to the optical period as in our experimental and theoreti-
cal scan of R. Figure 4(d) shows that in this case, due to
this beating effect between the external cavities lengths,
the attractor skeleton represented by the points in the
plane (∆ωτ1,∆N) now settle over three ellipses. The
scan of R can also produce five, seven, nine and more el-
lipses. These multiple ellipses attractors result from the
beating modulation, presented in Fig. 4(c). This effect
is directly related to the trajectory in phase space [37]
changing the chaotic dynamics of the systems variables
incorporating bursting in the LFF regime.
B. Laser Threshold and Chaos Statistics
A clarifying view of the system physical behavior with
double feedback can be reach examining the threshold
Jth,MGM variation of the MGM as lengths ratio R is
varied. The MGM is the most relevant fixed point of
the system. Changes in it, through parameters varia-
tion, may induce bifurcations in the system. Even in
chaotic regime of operation, the MGM remains the fixed
point around which the trajectory spends most of the
time. Actually, due to the infinity dimension of the sys-
tem, the size of MGM basin of attraction must be small
enough that usual trajectories never penetrate it. This is
consistent with our deterministic numerical results and
experiments. Futhermore, even if the basin of attraction
is visited [38], the injection of external optical signal or
noise can excite LFF drops. This justifies the proposi-
tion that this system is excitable [8]. An alternative view
point is to argue that the ultrafast deterministic oscilla-
tions in the dynamics excite the drops in an effective slow
time scale attractor [15].
Differently from the single feedback case, where the
fixed points (Es, Ns, ωs) when plotted in the phase space
projection (ω, N) remain over a single ellipse [37], the
double feedback makes these points to be distributed in
more than one ellipse changing the attractor in such a
way that trajectories reach certain values producing non-
gaussian - long tail - time distribution. The MGM thresh-
old current Jth,MGM dependence on R reveals the effect
of the parameters scan on the system dynamics changes.
Figures 5(a) and 5(b) show how the system change its
MGM threshold when it is subjected to a single and a
double optical feedback, respectively. It shows analyti-
cally how Jth,MGM (normalized to the solitary threshold
current Jth,sol) depends on the scan of R, which for the
single cavity means the variation of the corresponding
feedback time.
For the laser to oscillate, with some non-null emission,
the pump current J has to be above Jth,MGM . It can
be seen in Fig. 5(a) that the threshold current is reduced
with respect to the solitary laser (Jth,MGM < Jth,sol in
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FIG. 5. Analytical MGM current threshold Jth,MGM depen-
dence on R and Farey fractions. MGM current threshold
Jth,MGM variation with single feedback (a) and with double
feedback (b). The vertical axes are normalized to the soli-
tary current threshold Jth,sol. (c) Order sixth Farey sequence
(Farey numbers with denominators q ≤ 6) with vertical axis
representing the Farey number order as 1/q.
about 5%). Notice that Jth,MGM is constant for most
values of R except near R = 0. Near this value, Figs.
5(a) and 5(b) are similar. To be reminded, for single
feedback (Fig. 5(a)) the R near zero means that the only
active external cavity becomes comparable to the inner
semiconductor laser cavity. It gives feedback time suffi-
cient short to compete with the relaxations dynamics in
the laser. In fact this range of values do not contemplate
the occurrence of LFF [28] and it was not observed in
our experiments.
Double feedback, as shown in Fig. 5(b), gives a struc-
ture to the MGM threshold current as function of R. Its
reduction has a base line equal to the single feedback
case apart from the regions where R is near a low order
Farey number. The changes in Jth,MGM is more signifi-
cant with peaks according to the Farey order p/q in R.
Throughout the range 0 < R < 1 equal Farey denomina-
tors q give similar peaks for the threshold reduction. For
the purpose of comparison with Fig. 5(b), the sixth order
Farey sequence (all the fractions p/q with q ≤ 6) is shown
in Fig. 5(c). The vertical axis of Fig. 5(c) represent the
Farey order as 1/q. It is remarkable the comparison of
these orders with peaks sizes of Jth,MGM from Fig. 5(b).
The lower the Farey number order, the stronger the ef-
fect on the threshold reduction. Previous work related
to our report remotes to the first studies of instabilities
in light propagation through ring optical cavities. Ikeda
and Mizuno have studied instabilities in double cavity
nonlinear optical resonators [40–42]. They argue with
”frustrated instabilities” in a non-chaotic system with
many oscillation modes. In their system, the frustration
behavior always happens around the Farey fractions as
in ours. However, as we treat an active laser system,
our study is different, referring to chaotic dynamics and
statistics.
Concerning the significant regions where the system
shows spike-bursts we focus on R values zooming the
calculations close to Farey numbers. Fine details in
Jth,MGM indicate oscillations, as shown in Fig. 6(a).
Those behavior do not correspond to optical interfero-
metric oscillations. They have to do with the difference
between the two feedback time delays as discussed in the
previous sections. Such oscillations have an impact in the
chaotic statistics. Experimental and numerically calcu-
lated mean inter-spike times 〈T 〉 through the same range
of Fig. 6(a) are shown in Figs. 6(b) and 6(c), respectively.
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FIG. 6. MGM current threshold and inter-spike time averaged
near the Farey fraction R = 1/2. (a) Analytical dependence
of Jth,MGM on R presenting its fluctuations for the single
feedback (red dashed line online) and the double feedback
(black line online) cases around R = 1/2. (b) Experimental
〈T 〉 near R = 1/2 showing its strong fluctuations through the
scan of R. (c) Numerical counter part of (b). In both cases
y-axis is normalized to the time series duration. Considering
the relevant orders of magnitudes variations of 〈T 〉 no error
bars or variance are indicated (b) and (c).
Approaching the 1/2 quotient, the system maintains
the mean 〈T 〉 and its variance with an almost constant
value until R ≈ 0.494 while the laser operates in the LFF
regime with Gaussian statistics of spikes. Proceeding to-
wards 1/2 makes 〈T 〉 to grow and the variance diverges.
The laser then exhibits bursting operation, in which we
observe very long intervals without LFF as was shown
in Figs. 3(c) and 3(e). Varying R further, 〈T 〉 becomes
larger as the quiescent time between bursts increases. It
may even reach the condition where the intensity time
series presents no LFF drops. Apart from LFF dynam-
ics and statistics, the laser goes through many differ-
ent forms of oscillation including local chaos around the
MGM, periodic oscillation and continuous wave opera-
8tion. None of these regimes is inspect in our study. To
obtain 〈T 〉 we have used a LFF pulse counting procedure
and therefore, any information about the real dynami-
cal state of the intervals without LFF drops could not
be accessed through our procedure. When no LFF pulse
was found in an entire time series, we placed 〈T 〉 as the
total duration of the series as shown in the top values of
〈T 〉 in Figs. 6(b) and 6(c). Continuous increasing of R
induces large variations with ups and downs of 〈T 〉 simi-
lar to what happens with threshold current Jth,MGM for
the MGM. This indicates that the succession of transi-
tions between chaotic LFF regime with Gaussian statis-
tics to non-LFF regime are physically produced by the
variations of the compound laser threshold in our model.
Increasing R beyond 1/2 shows again the regions of differ-
ent instabilities until chaotic LFF regime with Gaussian
statistics is recovered. Experimentally and numerically,
no exact symmetry is observed with respect to R = 1/2.
This is consistent with the analytical result for Jth,MGM
in Fig. 6(a). It is also observed that on the exact value
of the rational Farey fraction R = 1/2, Jth,MGM is equal
to the single feedback threshold value (red dashed line).
For this value, Figs. 6(b) and 6(c) show that chaotic LFF
regime is recovered with Gaussian statistics as if the sys-
tem had a single feedback with 〈T 〉 down to the single
feedback chaos case. In general similar chaos statistics
occur for all Farey numbers p/q where p round trips in
one cavity match q roundtrips of the other one. The nov-
elty to be emphasised here is that such quasi-periodicity
in feedback times enters the laser dynamics to guarantee
Gaussian chaos. When q is big, the two cavities period-
icity will only match in such long time, with respect to
all relaxations times in the gain medium, so that all field
coherence are washed out in between the compound cav-
ities roundtrips. This restates the chaotic behavior again
as in a single cavity.
C. Control of the Chaotic Statistics
The long tail spike-bursting behavior is reached within
these regions of transitions of ups and downs of 〈T 〉.
Considering that the change in R within one of those
〈T 〉 strong variations occurs for over thousands optical
wavelengths, it suggests that without interferometric pre-
cision, one can adjust the system to have the desired
statistics of spikes. Selecting the appropriate values for
R creates the possibility to have a system with prob-
ability distribution spikes with a tail index α chosen on
demand. Figure 7(a) shows an even higher resolution nu-
merical result for averaged output intensity of the laser
and the number of LFF spikes of one of the chaos statis-
tics transitions near the ratio R = 1/1. It is important
to notice that the averaged output intensity varies al-
most linearly with the mean inter-spike time 〈T 〉. So, in
Fig. 7(a), the growth of (black squares online) is matched
with the decrease of the number of spikes drops (red balls
online). The step used for R scan in the calculations was
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FIG. 7. Fine tuning of the chaos statistics. (a) Numerical
calculation of the averaged output intensity (black squares
online) and the number of LFF spikes (red balls online) for
a transitions between different dynamical statistics near the
ratio R = 1/1. In scanning R the step was δR = 0.00002
which correspond to nearly 180 laser optical wavelength. (b)
The long-tail statistical index α dependence on laser pump
current J for the fixed ratio R = 0.9925. The deep in the value
of α from 1.7 to 0.6 and back to 1.7 reflects the change between
Gaussian spiking chaos and long-tail with spike-bursting. (c)
Intensity time series for points in (b): (i) J/Jth,sol = 1.0075,
(ii) J/Jth,sol = 1.0250 and (iii) J/Jth,sol = 1.0475.
δR = 0.00002 which experimentally would correspond to
a variation of 150 µ m in L2. The optical wavelength in
our lasers were 0.8 and 0.85 µm, so optical interferome-
try is secondary with respect to the observed dynamics
as one tunes R. The laser suffers a transition from LFF
chaos with Gaussian statistics to a regime with no inten-
sity drops near R = 0.9925. In this region the system
presents the long-tail spike-bursting dynamics.
Other parameters are available to control the dynamics
in addition to R in the system. The easiest to manipulate
is the pump current J . Envisaging control of the burst-
ing statistics we calculated a fine tuning of the pump
current maintaining R fixed at the center of the transi-
tion presented in Fig. 7(a). This is shown if Fig. 7(b).
The numerical range of J variation was 5% of the soli-
tary threshold current Jth,sol with steps of 0.25% of this
value. A corresponding experimental situation of a laser
with solitary threshold current of 20 mA would fall in the
fairly controllable 50 µA precision in current tuning. The
long-tail index α drops from 1.7 (near Gaussian distribu-
tion) to 0.6, which signals very long tail statistics, and
then recovers back to near the Gaussian statistics value.
Graphics (i), (ii) and (iii) in Fig. 7(c) illustrate the na-
ture of the described statistics with segments of intensity
time series for different values of the pump current. This
9is a clear indication of the potential tuning of the current
to control the chaotic bursting statistics.
VII. CONCLUSION AND OUTLOOK
In this work, we have demonstrated experimentally,
and confirmed with numerical solution of equation model,
that a semiconductor laser with double feedback shows
chaos statistics that can be controlled by realistic param-
eters variation. The chaotic behavior was manifested in
the time intervals between power drops characteristic of
the dynamics in such system. The feedback times ratio
and the pump current were shown to play a fundamental
role in the transitions from chaos with Gaussian statistics
to long-tail distributions characterized by spiking bursts.
Our chaotic device with this possibility of control may
find application in optical encrypted communications and
in simulations of neural network systems.
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